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Abstract In this paper, we show that the fractional constraint Hamiltonian formula-
tion, using Dirac brackets, leads to the same equations as those obtained from fractional
Euler-Lagrange equations. Furthermore, the fractional Faddeev-Jackiw formalism was con-
structed.

Keywords Fractional dynamics · Fractional derivatives · Fractional Faddeev-Jackiw ·
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1 Introduction

Derivatives and integrals of fractional order have found many applications in recent studies
in mechanics, physics and engineering. For example, in chaotic dynamics, quantum me-
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chanics, plasma physics, anomalous diffusion, and so many fields of physics [14, 17, 18,
24, 28, 29, 36, 40, 42]. Especially in mechanics Riewe has shown that Lagrangian involving
fractional time derivatives leads to equation of motion with non conservative classical deriv-
atives such as friction [30, 31]. Motivated by this approach many researchers have explored
this area giving new insight into this problem [2, 6, 7, 11, 15, 20, 21, 23, 26, 32–34, 38,
39, 41]. Agrawal has presented fractional Euler-Lagrange equation in Riemann-Liouville
derivatives [1]. Fractional multi time Lagrangian equations for dynamical systems within
Riemann-Liouville derivatives and fractional multi time Hamiltonian has introduced. The
constant of dynamics of fractional multi time Hamilton equations are discussed [8]. The
Newtonian equation with memory as physical model possessing memory effect for the ap-
plication of fractional derivatives has been introduced [9, 10]. The fractional relativistic
scalar fields for non conservative systems within the fractional Caputo derivatives has been
derived [13]. Using illustrative example, we have explained the formalism.

Constrained systems are very important in science and engineering [16, 37]. The frac-
tional single time Hamiltonian formulation has been developed in [5, 32].

The extension of fractional Hamiltonian formulation has been studied for fractional con-
strained systems [25, 26]. Fractional Hamiltonian systems with linearly dependent con-
straints has worked out involving fractional Riemann-Liouville derivatives [3]. Lagrangians
linear in velocities has been studied using the fractional calculus [4, 27]. Wentzel-Kramer-
Brillouin (WKB) approximation for fractional systems was investigated using the fractional
calculus in [35]. Generalizing the techniques encountered in the classical dynamics of con-
strained systems is an open issue in the area of fractional calculus.

Our main purpose is to introduce the systematic treatment of constraint Hamiltonian
system developed by Dirac [19] to fractional mechanics. We also apply method of Faddeev-
Jackiw (F-J) to fractional Hamiltonian associated to first order Lagrangian [22].

This manuscript is organized as follows: Sect. 2 is devoted a brief review of the Fractional
derivative definitions. In Sect. 3 we discuss the classical Hamiltonian formulation. In Sect. 4
we explain first order fractional Lagrangian using Dirac method by an example. Section 5
deals with the classical F-J formulation. In Sect. 6 we use F-J method, for the first order
fractional Lagrangian. In Sect. 7 is a short conclusion.

2 Fractional Derivatives

In this section we briefly present the definition of the left and the right fractional derivatives
of Riemann-Liouville as well as Caputo [14, 17, 24, 28, 29, 36, 40]. The left Riemann-
Liouville fractional derivative is defined as

aD
α
t f (t) = 1

�(n − α)

(
d

dt

)n ∫ t

a

f (τ )

(t − τ)α+1−n
dτ, (1)

and the right Riemann-Liouville fractional derivative,

tD
α
b f (t) = 1

�(n − α)

(
− d

dt

)n ∫ b

t

f (τ )

(τ − t)α+1−n
dτ, (2)

where the order α fulfills n − 1 ≤ α < n and � represent the gamma function. An alter-
native definition of Riemann-Liouville fractional derivative called Caputo derivative that
introduced by Caputo in 1967. The left Caputo derivative defined as

C
aD
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t f (t) = 1

�(n − α)
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a
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f (τ )dτ, (3)
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and the right Caputo fractional derivative

C
t D

α
b f (t) = 1

�(n − α)

∫ b

t

(τ − t)n−α−1

(
− d

dτ

)n

f (τ )dτ, (4)

where the order α satisfies n − 1 ≤ α < n. The Riemann-Liouville derivative of constant
isn’t zero, although Caputo derivative of a constant is zero.

3 Classical Hamiltonian Formulation

Our formal discussion of constrained systems begins with the consideration of functional
action as

S =
∫ b

a

L(qi, q̇i)dt, (5)

where qi are a canonical coordinate and q̇i are a canonical velocity. We confine ourself to
Lagrangian without explicit time dependence, then the Euler-Lagrange equations is

∂L

∂qi

+ d

dt

∂L

∂q̇i

= 0, (6)

by requiring the variation of the action S to be stationary. If we choose for our Poisson
bracket the convention

{u,v}P = ∂u

∂qi

∂v

∂pi
− ∂u

∂pi

∂v

∂qi

, (7)

(indices of i obey the Einstein summation rule). We have

{pi, qi} = −δi
j , (8)

where δi
j is Kronecker delta. Then the canonical Hamilton,

Hc(p
i, qi) = piqi − L(qi, q̇i), (9)

formally generate the Hamilton equations of motion

q̇i = {qi,Hc} = +∂Hc

∂pi
, (10)

ṗi = {pi,Hc} = −∂Hc

∂qi

, (11)

where the index c denotes the canonically of H . A necessary and sufficient condition that L

be singular is

Det
∂2L

∂q̇i∂q̇j

= 0. (12)

This is a sign that there exist certain primary constraints

φa(q,p) ≈ 0, (13)
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following from the form of the Lagrangian alone. In order to have a consistent system, we
require the time derivative of the constraints (13) to be zero

φ̇a = {φa,HT } = {φa,Hc} + um{φa,φb} ≈ 0. (14)

First, we may find that this equation gives no new information, but simply imposes con-
ditions on the form of um. Second it may impose new relation among the p’s and q’s
independent of um. These are secondary constraints and must be adjoined to the original
constraints (13).

4 Fractional Constraint Hamiltonian Formulation

Let us consider a fractional Lagrange system [1]

L(qi, aD
α
t qi, t), i = 1,2, . . . ,N. (15)

The dynamics of a fractional system is then determined by the condition that its action,

S =
∫

L(qi, aD
α
t qi, t)dt, (16)

is stationary along trajectory qi(t). From the calculus of variations this leads to fractional
Euler-Lagrange equations,

∂L

∂qi

+ bD
α
t

∂L

∂aD
α
t

qi = 0. (17)

The fractional canonical Hamiltonian given by

Hc = pi
αaD

α
t qi − L. (18)

This canonical Hamiltonian generates the fractional Hamilton equations [32]

∂Hc

∂pi
= aD

α
t qi,

∂Hc

∂qi

= tD
α
b pi. (19)

We choose for Poisson bracket the convention,

{A,B} = ∂A

∂qi

∂B

∂pi
− ∂B

∂qi

∂A

∂pi
. (20)

Then we have

{qi,H } = ∂qi

∂qi

∂H

∂pi
− ∂H

∂qi

∂qi

∂pi
, (21)

and fractional Hamilton equations in terms of Poisson bracket

aD
α
t qi = {qi,H } = ∂H

∂pi
, (22)

and in similar manner

−tD
α
b pi = {pi,H } = −∂H

∂qi

. (23)
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Note that in classical mechanics, Ḟ = {F,H }, but in fractional one,

Dα
t F �= {F,Hc}. (24)

Since

{f,H } = ∂f

∂qi

∂H

∂pi
− ∂H

∂qi

∂f

∂pi
, (25)

and using the fractional Hamilton equations we lead

{f,H } = ∂f

∂pi tD
α
b pi − ∂f

∂qi
aD

α
t qi . (26)

Equation (26) shows the validity of (24). The Lagrangian linear in the velocities is a typical
example of constrained system. In this case the Euler-Lagrange equations are not consis-
tent with fractional Hamiltonian one. However, if we introduce Lagrange multipliers to the
canonical Hamiltonian, then one can obtain the total Hamiltonian in the Dirac’s formulation
which is consistent with Euler-Lagrange equations of motion. In the next subsection we ap-
ply the classical Hamiltonian formulation for the fractional one to remove this ambiguity.
When the Poisson bracket becomes zero, its concept is different from classical one.

4.1 A First Order Lagrangian

Consider a Lagrangian depending on the fractional time derivative of coordinate in the form
L(q, aD

α
t q, t). If the Lagrangian is linear in velocity the canonical Hamiltonian, (18), won’t

be unique. In this case the Euler-Lagrange equations (17) aren’t consistent with fractional
Hamilton equations (19). In the following examples we show that the classical Hamiltonian
formulation could apply to fractional mechanics and the results are consistent.

Example 1 Consider the Lagrangian which are not quadratic in the velocity,

L(x, y, aD
α
t x, y, aD

α
t y) = xaD

α
t y − yaD

α
t x − V (x, y), (27)

then the fractional Euler-Lagrange equations remain valid and give us the following equa-
tions of motion, x component,

∂L

∂x
+ tD

α
b

∂L

∂aD
α
t x

= 0, (28)

and

−∂V

∂x
+ aD

α
t y − tD

α
b y = 0, (29)

and y component,

∂L

∂y
+ tD

α
b

∂L

∂aD
α
t y

= 0, (30)

−∂V

∂y
− aD

α
t x + tD

α
b x = 0. (31)
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Let us define conjugate moments,

px = ∂L

∂aD
α
t x

= −y, (32)

py = ∂L

∂aD
α
t y

= x. (33)

We obtain the Hamiltonian

H = pxaD
α
t x + pyaD

α
t y − L = V (x, y). (34)

Hamilton equations, p components,

∂H

∂px

= aD
α
t x,

∂H

∂py

= aD
α
t y. (35)

Then we have

0 = aD
α
t x, 0 = aD

α
t y. (36)

The x, y components,

∂H

∂x
= tD

α
b px,

∂H

∂y
= tD

α
b py, (37)

then we have

∂V

∂x
= tD

α
b px,

∂V

∂y
= tD

α
b py. (38)

Equations (36) and (38) are not consistent with (29) and (31). At least the one is especial
case of another. Using the method of the classical Hamiltonian formulation (Dirac) we could
lead to fractional Hamilton equations which they are consistent with equations of fractional
Euler Lagrangian. Now we generalize our Hamiltonian to

HT = V (x, y) + u1(y + px) + u2(x − py), (39)

where HT is a total Hamiltonian and then apply fractional consistency condition

{φ1,H }p = −
(

∂V

∂x
+ 2u2

)
= 0, (40)

and

{φ2,H }p =
(

∂V

∂y
+ 2u1

)
= 0. (41)

These are not secondary conditions but consistency conditions for our arbitrary coefficients
u1 and u2. But the φ1 and φ2 are second class constraints since

{φ1, φ2}p = 2. (42)

Then Fractional motion using the Dirac brackets, x component

aD
α
t x = {x,H }D = −1

2

∂V

∂y
, (43)
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y component

aD
α
t y = {y,H }D = 1

2

∂V

∂x
, (44)

and for momenta

−tD
α
b px = {px,H }D = −1

2

∂V

∂x
, (45)

−tD
α
b py = {px,H }D = −1

2

∂V

∂y
. (46)

Using px = −y and − 1
2

∂V
∂x

= 1
2

∂V
∂x

− ∂V
∂x

we lead to fractional Euler-Lagrange equations.

Example 2 Consider the linear fractional Lagrangian

L = a(x)aD
α
t x + V (x), (47)

and then the fractional Euler-Lagrange equations is

∂a

∂x
aD

α
t x + tD

α
b a − ∂V

∂x
= 0. (48)

Now we define the canonical Hamiltonian

Hc = aD
α
t x

∂L

∂aD
α
t x

− L, (49)

and conjugate momenta

px = ∂L

∂aD
α
t x

= a(x). (50)

Therefore, the primary constant

φ1 = a(x) − px, (51)

and the effective or total Hamiltonian

HT = V (x) + u(a(x) − px) (52)

generate the fractional Hamilton equations that are as follows:

aD
α
t x = {x,HT }D = u (53)

and

−tD
α
b px = {px,HT }D = {px,V (x) + u(px − a(x))}P , (54)

which is consistent with fractional Euler equation (48).
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5 The Classical Faddeev-Jackiw

In the Faddeev-Jackiw [12] procedure one starts from a Lagrange which is first order in time
derivative and one writes the Lagrange density

L(qi, q̇i , pi, ṗi) = (
pi qi

) 1

2

(
0 1

−1 0

)(
q̇ i

ṗi

)
− H(pi, q

i). (55)

If we integrate L respect to time and apply the principle of stationary action we lead to
Euler-Lagrange equations

S =
∫

Ldt, (56)

where

L(pi, ṗi , q
i, q̇i) = 1

2
{qiṗi − pq̇i} − H(pi, q

i). (57)

Applying the principle least action we lead to Euler-Lagrange equation

∂L

∂pi

− d

dt

∂L

∂ṗi

= 0, (58)

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0. (59)

If we replace the Lagrangian equation (57) we obtain the Hamilton equations. If we gener-
alize the Lagrange

L = cn(ξ)ξ̇ n − V (ξ)dt, (60)

where, n = 1, . . . ,2N in such way that

ξ i = qi, ξN+i = pi. (61)

Using least action principles, Euler-Lagrange equations

fnmξ̇m = ∂V

∂ξn
, (62)

ξ̇ n = f −1
nm

∂V

∂ξm
. (63)

If the brackets satisfies the relation

{A,B} = ∂A

∂ξn
{ξn, ξm} ∂B

∂ξm
, (64)

ξ̇ n = {V, ξn} = ∂V

∂ξm
{ξm, ξn}FJ , (65)

where

{ξn, ξm}FJ = f −1
nm . (66)
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For the simple case (57) the bracket (66) reduces to the usual

{pi, q
j } = δij , {qi.qj } = {pi,pj } = 0, (67)

or in other words

{ξn, ξn} = εnm =
(

0 I

−I 0

)
. (68)

This matrix is antisymmetric matrix.

6 Fractional Faddeev-Jackiw

In fractional mechanics consider the Lagrangian,

L = −1

2
(qi

tD
α
b pi + piaD

α
t qi) + H(qi,pi). (69)

In matrix form we have

L = (
ξn ξm

) 1

2

(
0 1

1 0

)(
aD

α
t ξn

tD
α
b ξm

)
− H(q,p). (70)

Euler-Lagrange equations of this Lagrangian are

∂L

∂qi
+ tD

α
b

∂L

∂aD
α
t qi

= 0, (71)

∂L

∂pi

+ aD
α
t

∂L

∂tD
α
b pi

= 0. (72)

These equations are equivalence of fractional Hamilton equations. They are written in matrix
form as follows (

0 1

1 0

)(
aD

α
t ξn

tD
α
b ξm

)
=

(
∂H
∂ξn

∂H
∂ξm

)
(73)

and we have (
aD

α
t ξn

tD
α
b ξm

)
=

(
0 1

1 0

)(
∂H
∂ξn

∂H
∂ξm

)
. (74)

In above relation we have used
(

0 1

1 0

)(
0 1

1 0

)
=

(
1 0

0 1

)
.

Then the basic Faddeev-Jackiw brackets are

{qi,pj }FJ = δij , {qi, qj }FJ = {pi,pj }FJ = 0. (75)

In bracket notation we have

(
aD

α
t ξn

tD
α
b ξm

)
= {ξm, ξn}

(
∂H
∂ξn

∂H
∂ξm

)
, (76)
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where

{ξm, ξn} =
(

0 1

1 0

)
. (77)

This matrix is symmetric contrast to classical one which it is anti symmetric.

7 Conclusion

Fractional mechanics describes both conservative and non conservative systems. Recently
the fractional variation gained importance in the study of fractional mechanics. The frac-
tional Lagrange and Hamiltonian formulations for the constraint systems are still at the
beginning of their development. In this paper we consider a fractional first order Lagrangian
formulation and we obtain the fractional motion equations using common Hamiltonian and
Euler-Lagrange equations. We have observed that they are not the same. Then we use the
classical constraint Hamiltonian formulation that lead us to the same equations that we ob-
tain from Euler-Lagrange equations. Although we have used this formulation, the concept
of classical brackets changes to a fractional concept. The Faddeev-Jackiw method in clas-
sical mechanics is another important method for quantization. In this manuscript we have
developed its fractional counterpart.
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